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THE NEHARI MANIFOLD APPROACH FOR DIRICHLET
PROBLEM INVOLVING THE p(z)-LAPLACIAN EQUATION

R. A. MaASHIYEV, S. OGRAS, Z. YUCEDAG, AND M. Avcr

ABSTRACT. In this paper, using the Nehari manifold approach and some
variational techniques, we discuss the multiplicity of positive solutions
for the p(x)-Laplacian problems with non-negative weight functions and
prove that an elliptic equation has at least two positive solutions.

1. Introduction

In this paper, we study the multiplicity of positive solutions for the following
elliptic equation

(E>) ~Apiayu(@) = Aa(@) [ul* 7w+ b(a) [u]" @ P u in Q
A u(z) =0 on 01,

where the following conditions satisfied: -
) is a bounded domain with smooth boundary in RN, N > 2, ¢,p,h € C(Q)

such that 1 < ¢(z) < p(x) < h(z) < p*(z) (p*(z) = Ajfvf;(;a(ch) if N > p(z),

p*(x) = c0 if N < p(x)), 1 < p~ :=ess irelgp(x) < p(z) < pt :=ess ss}zlpp(x) <
z RS

00,1 <q” <qgt<p <pt <h  <h",A>0¢€Randabe C(Q) are

non-negative weight functions with compact support in 2.

Over the last decade, the variable exponent Lebesgue spaces LP(*) and the
corresponding Sobolev space W1P(*) have been a subject of active research area
(we refer to [8,11,12,18,19] for the fundamental properties of these spaces).
These investigations are stimulated mainly by the development of the studies
of problems in Elasticity, Electrorheological fluids, Image Processing, Flow in
Porous Media, Calculus of Variations, Differential Equations with p(x)-growth
(see Acerbi and Mingione [1], Diening [7], Buhrii and Mashiyev [5], Halsey
[15], Mih&ilescu and R&dulescu [21], Ruzicka [24], Zhikov [28]). Among these
problems, the study of p (x)-Laplacian problems via variational methods is an
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interesting topic. A lot of researchers have devoted their work to this area
(see Chabrowski and Fu [6], Fan [10], Fan and Zhang [13, 14], Mih&ilescu [21],
Mihailescu and Radulescu [22], Harjulehto, Histo, Koskenoja and S. Varonen

[16], Hasto [17], Ogras, Mashiyev, Avci and Yucedag [23]). We refer to the

z)—2

p (z)-Laplace operator Ap,)u := div (\Vu\p( Vu), where p is a continuous

non-constant function. This differential operator is a natural generalization of
the p-Laplace operator Apu := div <|Vu|]”72 Vu), where p > 1 is a real con-

stant. However, the p (x)-Laplace operator possesses more complicated nonlin-
earity than p-Laplace operator, due to the fact that A, ) is not homogeneous.
This fact implies some difficulties; for example, we can not use the Lagrange
Multiplier Theorem in many problems involving this operator.

In recent years, the similar problems of the form (F)) have been studied
by many authors using various methods. In [20] for the case p(x) > 1 and

1 < ¢ < infgp < supgp < h < min{N, Npr_,} and a(x) = a,b(z) =
b > 0, using Ekeland’s variational principle and the mountain-pass lemma
Mihailescu proved that, if ¢ and b small enough then there are two distinct

solutions for the problem; in [22] under the assumptions 1 < min, g ¢q(z) <

min, g p (z) < max, g q(x), where p(2), ¢ (x) are continuous on , h (z) =0,
a(z) = 1,b(z) = 0, Mihailescu and Rédulescu showed that there exists A*
such that any A € (0,\") is an eigenvalue for the problem by using Eke-
land’s variational principle and the mountain-pass lemma; in [14] for the case
p(z) = q(z) > 1,h(x) = 0, where p(x) is continuous on Q, and a(x) =
1,b(x) = 0, Fan, Zhang, and Zhao obtained that, A = Ay, the set of eigen-
values, is a nonempty infinite set such that sup A = +oo. In addition, they
present some sufficient conditions for inf A = 0 and for inf A > 0, respec-
tively; in [4] under the conditions p(z) = 2,q(z) = 2 and 1 < h < {£2,
where h is constant, and a (x),b(z) : @ € RY — R are smooth functions
which may change sign in Q, Brown and Zhang used the relationship be-
tween the Nehari manifold and fibrering maps to show how existence and non-
existence results for positive solutions of the equation are linked to properties
of the Nehari manifold; in [2] Afrouzi, Mahdavi, and Naghizadeh dealt with
the similar problem for the case p(z) = ¢q(x) = p,h(z) = h, 1 < h < p,
a(z) =1and b(z) : @ € RY — R is a smooth function which may change
sign and they discussed the existence and multiplicity of non-negative so-
lutions of the problem from a variational viewpoint by making use of the
Nehari manifold. Under the conditions p(z) = p, q(z) = ¢q, h(z) = h,
l<g<p< h<10*<p*=]\[N—j';JifN>p7 p*:ooingp) and the weight
functions a () = b(x) = 1, the authors Ambrosetti-Brezis-Cerami [3] have in-
vestigated equation (E)). They found that there exists Ag such that equation
(E)) admits at least two positive solutions for A € (0, \g), has a positive solu-
tion for A = Ag and no positive solution exists for A > Ao, and also in [26] under
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the same assumptions and with sign-changing weight functions a () and b (z),
Wu gave a variational proof of the existence of at least two positive solutions
of equation (E)) for p € (1,p*), using Palais-Smale and decomposition of the
Nehari manifold.

In this paper, we have generalized the articles of Ambrosetti-Brezis-Cerami
[3] and Wu [26], to the p (x)-Laplacian by using the Nehari manifold under the
similar conditions. We shall discuss the multiplicity of positive solutions for
the problem (E)) and prove the existence of at least two positive solutions.

If we consider all above mentioned papers use of the Nehari manifold ap-
proach for the case p (z)-growth condition makes our study quite different and
very interesting.

2. Notations and preliminaries

We will discuss our problem (E)) in the variable exponent Sobolev space
WO1 P(@) (92), so we need some theories and basic properties on spaces LP(*) (Q)
and W) (Q).

Write

LY Q) ={peL>=(): p~ >1}.

Let’s define by U (£2) the set of all measurable real functions defined on €.

For any p € LY (€2), we denote the variable exponent Lebesgue space by

PO Q) =S ueu () : / lu(2)] P da < 00§,
Q
which is equipped with the norm, so-called Luxemburg norm [11, 12, 18]

p(x)
|ul (o) = inf 5>0:/ UE;E) de <1
Q
and (LP(I) (), - |p(l)) becomes a Banach space, we call it as variable expo-

nent Lebesgue space.
Let ¢ is a measurable real-valued function and c¢(z) > 0 for = € Q. Then the

weighted variable exponent Lebesgue space LIC’ ((::)) (Q) is defined by

L’C}((;E)) (Q)=Rueld(Q): / (@) u ()P da < 00; c(z) >0

Q
which is equipped with the norm

p(z)

u(z) dr <1

0

‘u|(p(m),c(m)) =inf<d>0: /c(x)
Q
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Proposition 2 1 ([11, 18]). The conjugate space of LP(™) () is L¥'(*) (Q),

where (z) + p(r) = 1. For any u € LP®) (Q) and v € LP'®) (Q), we have

1 1
woda s( )|u| ool < 2l 1] -
/ P (p’) p(z) 1Vlp’ () p(x) Yp’(x)

Q

Proposition 2.2 ([11, 18]). Denote p(u) = / lu ()P dz, Yu € LP@Q,
Q

then we have
i) Jul,,) <1(=1 >1)<:>p( )<1(=1;>1),

+
i) ul,y > 1 = Julp,) < o) <Julby,,
i) ful,,) <1 = |U|p( y < p(u) <lu |p(m)

Proposition 2.3 ([11, 18)). Ifu,u, € LP®) (Q), n =1,2,..., then the follow-
ing statements are equivalent to each other:

(1) nan;O [t — ulp(z) = 0;

(2) lim p(u, —u) = 0;

(3) up, — u in measure in  and lim p(u,) = p(u).

Define the variable exponent Sobolev space W1?(*) (Q) by
W) (Q) = fu e L/ (Q); |[Vu| € L) (9))
and it can be equipped with the norm
lull = [ulp) + [Vl V€ WHPE(Q).

The space Wo"™ () is denoted by the closure of C3°(Q2) in W) (Q). We
will use ||u| = |Vulp) for u € Wol’p(m) (©) in the following discussions.

Proposition 2.4 ([11, 18]). Ifp~ > 1 and p™ < oo, then the spaces LP®) (),

Lf((;)) (Q), Whr)(Q) and Wol’p(w) (Q) are separable and reflexive Banach spaces.

Given two Banach spaces X and Y the symbol X <— Y means that X is
continuously embedded in Y and also the symbol X << Y means that there
is a compact embedding of X in Y.

Proposition 2.5 ([11, 18]). (i) Assume that the boundary of ) possesses the
cone property andp € C(Q). If g € C(Q) and 1 < q(x) < p* (x) for any x € Q,
then WHPE) (Q) «sems LI (Q).

(ii) If p,q € C(Q) and p (z) < q(z) < p* (z) for any x € Q, then WP (Q)
— L&) (Q) and also there is a ¢ onstant ¢ > 0 such that

<clull VueWwpP® ().

|u|q(1
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Proposition 2.6 ([8]). Let p(x) and q(z) be measurable functions such that
p(x) € L®(Q) and 1 < p(x)q(z) < o0, for a.e. x € Q. Letu € L1)(Q), u #0.

Then
(x)

p
Uiy <1 = Wliyg < [l < g

>1 = [uf?, |f’<x)

[l p2)q(0) p(z)g(z) = "“ < fu |p<z )a()

In particular, if p(x) = p is constant, then

Theorem 2.7. Assume that the boundary of §} possesses the cone property and
peC (Q) Suppose that b € LP®) (Q), b(z) >0 forz € Q, 3 € C (Q) and
87 >1, 85 < B0 (@) <85 (58 + 5y = 1) WheC(R) and

flz) -1

(2.1) 1<h(z)< e

p*(z), Vz e

o Np(x)
<A@ < )~ hia) (V — p@)

Then the embedding from WHP()(Q) to hw) ) (€) is compact. Moreover, there
is a constant cs > 0 such that the inequalzty

(2.2) Jo@ " do < s (Jull” + )

Q

holds.

Proof. We must remark that our proof of the embedding W) (Q) <ses
Lg((f)) (Q) is similar to Fan [10] .Let u € W1P(®)(Q) and set r (z) = ﬁ*(ggllh () =
Bo (x) h (z). Then (2.1) implies r (z) < p* (z). Hence, by Proposition 2.5 we
have the embedding WhP(®)(Q) << L@ (Q). So, for u € WHPE)(Q), we

have |u/"™) € LPo@® (Q). By Proposition 2.1,

h(x
/ b(@) [u"® dz < c1 blgg,
Q

h(z) < 00.

Bo(@)

Jul
This implies that WP (Q) C LZ((;) (Q). Now let {u,} C WP (Q) and
Up — 0 (weakly) in W1P@)(Q).

Then, we have
u, — 0 (strongly) in L"® (Q).

So, it follows that ’\un|h( )

— 0. Thus, we have
Bo(w)

h(x) h
[ 3@ " do < e bl [
Q

— 0,

Bo (@)
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which implies [t (49 (o)) — 0- Hence, we have the embedding WhPE) () esems
Ly ().

Now let’s show the inequality (2.2) holds. By the above inequity we know
that

< 0.

‘u|h(®)
Bo(x)

[r@ @ de < eafoly
Q
Since h~ < h(z) < htand |u|h(z) <" + |u\h+ it follows that
/b(x) M@ g < /b(a:) " d +/b(m) " da.
Q Q Q

Moreover, by Propositions 2.1, 2.2, 2.5, 2.6 and the condition p(z) < h™ fy(x) <
htBy(z) < p*(z), we have

(2.3)
h™ h™ h™ h™
Jo@ il do < callyey [l |, =ealbly ulh -y < callll”
Q 0
Similarly, we can obtain
(2.4) /b(x) " dz < eq ||ul

Q
As a result, from (2.3) and (2.4) it follows that

- - +
Jo@ 0 do < e (Jul” + Jul™")
Q

The proof is complete. O

Theorem 2.8. Assume thal the boundary of ) possesses the cone property
and p € C (Q) Suppose that a € L*®) (Q), a(z) >0 forz € Q, a € C (Q)

and o= > 1, oy < ap(x) < of (ﬁ-&-ﬁ(w):l)- Ifqe C(Q), px) <
(@) o (x) and

a(w)—lq

(2.5) 1<q(z) < aggx_lp* (), Vo € Q

or Np(z) ol p(z)
Np() — @) (8 —p(@) ~ = 5@ — @)

Then the embedding from WP (Q) to LZE?) () is compact. Moreover, there

is a constant ¢z > 0 such that the inequality
(2.6) / a (@) [ul"® dz < cr (Jlu* +Jlul")

Q
holds.



THE NEHARI MANIFOLD APPROACH FOR DIRICHLET PROBLEM 7

Proof. Let u € WP (Q). Set m (z) = a?z()”“zlq (x) = ap (x) g (x). Then (2.5)
implies m (z) < p*(z). Hence, by Proposition 2.5 there is the embedding
WP (Q) < Lm@) (Q). For u € WP@)(Q) we have [u|!") € Loo@) (Q).
By Proposition 2.1,

/ 0 (@) [ul"® dz < ¢ lal, )
Q

This implies that WP (Q) Lg(é)) (Q). Now let {u,} C WP (Q) and

U, — 0 in WHPE(Q),

|u|q<x) < 0.

ao(x)

Then, we have
U, — 0 in L™ (Q).

So, it follows that ’\un|q(z)

— 0. Thus, we have
ag(z)

/a () [u]?™ dz < ¢q | ()
Q

—0

ag(x)

)

‘u|q(r)‘

which implies [wn (4 q()) —0- Hence, we have the embedding WhPE) Q) eses

LI ().

Now, let’s show that the inequality (2.6) holds. By the above inequality we
know that
|2 < 0.

Ja@ " de < colal "
ol

Q
Considering the condition p(z) < ¢~ ap(z) < qtag(x) < p*(z) and applying
the similar steps as we did in proof of Theorem 2.7, we have

= - +
Ja@ ™ do < (jul” + ul”).

Q

The proof is complete. O

Proposition 2.9. Assume that the conditions of Theorem 2.7 and Theorem 2.8
hold, respectively. Let u € Wl’p("’”)(ﬂ), then there are positive constants cg, g,
c10, €11 > 0 such that the following inequalities holds

i)
ht .
/ b (@) [ul"® < { es Jul™if Jull > 1
Q

o lull™™ if Jlul) < 1
/ a () [ul"®

Q

ii)

IN

+ .
{ cro lull”” if [luf > 1

en [l if Jlull < 1
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Proof. 1t follows immediately from the conclusions of Theorem 2.7 and Theo-
rem 2.8, respectively. (I

3. The main results

Let J € C! (X, R) be the Euler functional associated with an elliptic problem
on Banach space X. If J is bounded below and has a minimizer on X, then this
minimizer is a critical point of J. Hence, it is a solution of the corresponding
elliptic problem. However, in many problems J is not bounded below on the
whole space X, but is bounded below on an appropriate subset of X, and
minimizer on this set (if it exists) may give rise to solutions of the corresponding
elliptic problem. A good candidate for an appropriate subset of X is the Nehari
manifold.

If we consider our problem (E}), then, the corresponding Euler functional
is defined by

u) = i ’U,p(x) Xr — ia x Uq(z) xXr — L X Uh($) X
Ta(w) ép@'v' d Aéq@uu d éh@)b”' d.

Then, by Theorems 2.7, 2.8, and Proposition 2.2, we have

1 1
u) > F/|Vu|p(‘r) d — 7/ ) |u| ™) da — T /b(x) u|"® da,
Q

Q
- A - + 1 - +
>l = Zer (Jul ™+ ) = e (el + ™).

Since ¢* < p~ < pt < h~ < h™, this shows J, is not bounded below on
whole X = W, @) (Q). However, we shall show it is bounded on the Nehari
manifold M) (Q) which is given by

My (9) = {u e Wg P @\ {0} : (J(w),u) = 0},

where (.,.) denotes the usual duality between X = W™ (Q) and X* =

Wo_l’p/(x)(Q). It is clear that all critical points of Jy must lie on M, () and
local minimizers on M (€2) are usually critical points of Jy.

Thus, u € M, () if and only if
(3.1)

In(u) = /|w|?<w>dx )\/ ) 7@ d —/ b (@) [u"@ do

Q
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Then for u € M, (), we have

(I3 (u),u) = /p(x) (V"™ do — A/q(w)a (@) [u]?® dz

Q Q

- /h (2)b(2) |u"® do

)\/ ) [ul”) d + (p* h’)/b(x) ") .
Q

Now, we split M, (£2) into three parts:
M = {u € My (Q) : (I3 (u),u) > 0},
My = {u € My (Q) : (Iy(u), u) <0},
M3 = {u € Mx(Q) : (I} (u),u) =0} .

Theorem 3.1. Suppose that ug is a local mazimum or minimum for Jy on
My (Q). If ug ¢ MY(Q), then ug is a critical point of Jy.

Proof. The proof of Theorem 3.1 can be obtained directly from the following
lemmas (particularly Lemma 3.3). O

Lemma 3.2. The energy functional Jy is coercive and bounded below on Mx(2).

Proof. Let u € Mx(Q) and |ju| > 1. Then using (3.1), Propositions 2.2 and
2.9, we have

I (u) Z/I%IVUF'(“’) dz — X /ﬁa( ) [ "®) da — / 2) [u"® da

A
> —/|Vu\p ) da — q—/a ) |u|®) da
Q

- — /|Vu|p(x) dx — /\/ ) | da
> ( 1 )/vu|p(z) dx—i—)\( _ 1) /a(x) |u|tI(z) dx
pt h= g~
Q
h™—p - h™ —q~ +
Pl (R P 079 q
> (B2 ) bt = eaon (M2 )

Since, p~ > ¢t so, J\ (u) — oo as ||u|| — oco. This implies Jy is coercive
and bounded below on M) (Q). O

Lemma 3.3. There exists \; > 0 such that for 0 < X\ < A\; we have M} (Q) =
.
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Proof. Suppose otherwise, that is, M} (Q) # @ for all A € R~ {0}. Let u €
MY (2) such that ||ul| > 1. Then using (3.1), (2.4) and definition of MY (£2),
we have

0= (1} (), u)

/ (z) |vu|1)($) )\/ |U‘Q($) /h |u|h(3f)
>y [Vl =gt {19 - / b@) ol | =t [ ()"
Q Q

o
> (p~ —q") / \Vul"™ dz + (¢ — ht) /b(x) u)" ™ da.
Q 0

By Proposition 2.9,
_ - ht
0= (p~ —¢) lull” +es (g =h")ful”

- _ gt \ e
p q P
(3.2) [ul] > c12 (M>
Similarly,
0= (I} (u),u)
<p* / (V"™ do — Ag™ /a () [u|?™) do — h™ /b () [u"™ da
Q Q

Q

19 <ag [a@ @ < | [19a = fa@)ul

Q Q Q Q
By Proposition 2.9,

0< (o7 =) Jull” + Acso (b~ —g7) [lu] ",

h™ —q~ p~—qT
(3.3) lull < 13 ()\hfﬁ> .

p——qt
If A is sufficiently small (e.g. A = ( ’;;_f;t) (g;:g:) e ), then from (3.2)
and (3.3) we get ||u|| < 1 which contradicts with our assumption. Hence, we
conclude MY () = @. O

By Lemma 3.3, for 0 < A < A1, we can write M) (Q) = M5 (Q) U M, (Q).
Therefore, we can let

ay = inf Jy(u) and ay = inf Jy(u).
ue M (Q) ueM; (Q)
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Lemma 3.4. If 0 < A\ < A1, then for all u € M, (), J\(u) <O0.
Proof. Let u € M, (). By definition of Jy(u), we can write
T T 1 h(x
(3.4) Ja(u) < —/|Vu|p( a:——/ ) ) da: — o b(z) |u)"™ da.
Q
Since u € M, (), we have

35 p* / VU@ de — A~ / a(@) [u] ") do — h- / b(@) [u]*@ dz > 0.
Q Q

Now, if we multiply (3.1) by (—¢~) and add with (3.5), we get

(3.6) / b(z) [u|" dw< /|Vu|p

Q
Moreover, using (3.1) together with (3.4)

(37) I < (pl - ) / T s+ (1 . 1+) / b)) d

and applying (3.6) in (3.7), it follows
(" —g¢")(h" —p7)

-
Ja(u) < — Wt [lulP < 0.
Hence, we have ol = inf Jy(u) <0. O
ueM;(Q)

Theorem 3.5. If 0 < A\ < A1, there exists a minimizer of Jy on M (Q).

Proof. Since Jy is bounded below on M) () and so on M, (2). Then, there
exits a minimizing sequence {u;f} C M} () such that

lim Jy(u) = inf Jy(u) =af <O0.
n—oo uweM; (Q)

Since Jy is coercive, u;l is bounded in Wol’p(m)(Q). Thus, we may assume
that, without loss of generality, u,;} — ua' in WO1 P (x)(Q) and by the compact
embeddings we have

ul — ugd in LZ((?) (Q),

and
ul — ugd in LZ((Q‘?)) Q).
Now, we shall prove u,}} — ug in Wol’p(z)(Q). Otherwise, suppose u,; - uar in

Wol’p(x)(Q). Then

Vuo p(z) dr < lim inf Vul p@) dx.
Vg | .
Q Q
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Moreover, by the compact embeddings we have

/a(x) |UJ‘Q(1) dz = lim inf [ a(z) |umq(m) dz,

Q Q

/b(CE) |u8r‘h(z) dr = lim inf/b(m) |umh(w) de.
n—oo
Q ,

Using the fact that (J§(u,}),u;") = 0 and Theorem 2.8, we can write the
followings

L1 p(@) 1 q(x)
In(ut) > (er _h> / ‘Vu,ﬂ dr+ M\ (h —q)/a(m) |u7ﬂ dz,
Q Q

lim Jy(u)) > <1 — hl> lim /’Vump(z) dx

- n—oo

+A <h — q) nlilr;o/a(x) ’uﬂ dzx,
Q

11 - 11 i '
> (p+ - h> gl -+ erd (h - q) (s 1"+ 1)

since p~ > ¢*, for HuarH > 1, we have

of = inf Jy(u) > 0.
uEM;r

However, in Lemma 3.4 it was showed that for any u € M} (Q), Jy(u) < 0.
So, this is a contradiction. Hence, uf — ud in Wo ™ (Q) and

I(ud) = lim Jy(uf) = inf  Jy(u).
n—00 uEM;H(Q)
Thus, ug is a minimizer for Jy on M} (Q). O

Lemma 3.6. If0 < X < Ay, then for all u € M, (2), Jx(u) > 0.
Proof. Let uw € My (). By definition of Jy(u) and (3.1), we have

1 A 1
s 1 pla) ; 7/ a@) 5 7/ h(z)
I = = [190P do = = [ a@) '™ do = 5= [b(@) " da,
Q Q Q

and

/b (z) [u)"™ do = / VP do — )\/a () [u]!™ da.
o)

Q Q
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Using the two expressions above, it follows

1 A
Jxa(u 2—/Vup(w)dx——/ax u|?® dg
A (u) p+Q| | q,ﬂ()H

— hi— /|Vu|p(x) d:cf)\/a(x) u|?®) dz

o) o)
1 1 1 1
> (= - — p(@) I / 4@ gy
> (p* h) /|Vu\ dx + A (h q) a(x) |u|™ dz
Q Q

By Propositions 2.2, 2.9, and the condition p~ > ¢, it follows

11 - 11 -
) 2 (5 = = ) Bl eaod (5 = o2 )

h= —p* g —h” -
> P
> (L ran T )

“(h——pt
So, if we choose \ < %, we get Jy(u) > 0. Moreover, if we consider
the facts My () = M} (Q)UM, (©2) (see Lemma 3.3), M7 (Q)NM; (Q) = 2,

and Lemma 3.4, we must have v € M, (Q2). O

Theorem 3.7. If 0 < X\ < Ay, there exists a minimizer of Jx on My (£2).

Proof. Since Jy is bounded below on My (2) and so on M, (2), then there
exits a minimizing sequence {u,, } € M (£2) such that

lim Jy(u,) = inf Jy(u)=a) >0.
n—0o0 uweM; ()
Since Jy is coercive, u,, is bounded in Wol’p(m) (©). Thus, we may assume

that, without loss of generality, u, — u, in VVO1 P (I)(Q) and by the compact
embeddings we have

u, — ug in LZ((?) Q),
and
U, — ug in LZ((;C)) Q).

Moreover, if ug; € M, (2), then there is a constant ¢ > 0 such that tug
€ My () and Jx(uy ) > Ja(tugy ). Indeed, since

Bw) = [ @) [VaP de -3 [ (@) a @) do = [ )b " do.

Q Q Q
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then,

I\(tug ) = /p(x) ‘Vtug}p(m) dx — )\/q(x)a(x) |tua|q(m) dx — /h ()b (x) ‘tuﬂh(m) dx
Q

Q Q

< tmp‘*’ / }Vua}p(m) de — )\tqiq_/a(x) |ua}q(m) dr —t" B /b(:r) |ua|h(m) dr.
Q Q Q

Since ¢~ < pt < h™, and by the assumptions on a and b, it follows I} (tu, ) < 0.
Hence, by the definition of My (), tuy, € M, ().

Now, we shall show u,, — u, in Wol’p(z)(Q). Otherwise, suppose u,, - ug
in W, P)(Q). Then using the fact that

/‘Vug’p(x) dr < lim inf/’vu;‘p(ac) dz,
n—oo
@ Q
we have,

- h™
Q Q Q

S A N——e - ) _p@)
< nh_)rI;O |]o/ ‘Vun| dx — )\q—Jr / a(z) |uy, ‘ dx — 5 / b(@) |u, | da
0 o 0
< lim Jy(tu,) < lim Jy(u,) = inf Jy(u) =, .

n— 00 n—oo ueMy ()

This implies that Jy(tug) < inf Jy(u) = a), which is a contradiction.
ueM; ()

Hence, u;, — uy in Wol’p(m)(Q) and so

In(ug ) =lm Jy(u,) = inf Jy(u).
n—oco weM; (Q)

Thus, u, is a minimizer for Jy on M, (Q). O

Corollary 3.8. By Theorems 3.5 and 3.7, we conclude that there exists ua' €
MY () and uy € M, () such that Jy(ug) = in+f Ian(uw) and Jy(uy) =
ue My ()

inf  Jy(u). Moreover, since Jy(uf) = Jx(ju]) and |u(ﬂ € ME(Q), we
ueM; ()
may assume uT > 0. By Theorem 3.1, uT are critical points of Jy on Wol’p(x)(ﬂ)
and hence are weak solutions (and so by standard regularity results classical
solutions) of (Ey). Finally, by the Harnack inequality due to [25,27], we ob-

tain that uF are positive solutions of (E)).
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