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1. Introduction

A continuous function f = u+iv is a complex-valued harmonic function in a complex domain
Cif both u and v are real harmonic in C. In any simply connected domain D C C, we can write
f = h+ g, where h and g are analytic in D. We call h the analytic part and g the co-analytic
part of f. Note that f = h + g reduces to F if the coanalytic part g is zero.

For p > 1, denote by H(p) the set of all multivalent harmonic functions f = h+ g
defined in the open unit disc U, where h and g defined by

h(z) = zF + Z a,z", g(z)= Z byz", |bpua| <1, teN:={1,2,..} (1.1)

n=p+t n=p+t-1

are analytic functions in U.
Let F be a fixed multivalent harmonic function given by

F(z) =H(z) +G(z) = 2" + > |A4z"+ D) IBulz", |Bpua|<1, teN. (1.2)

n=p+t n=p+t-1
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A function f € H(p) is said to be in the class Hr(p, t, a, k) if

Re<z(f*_F)'<Z>> -
Z'(f * F)(z)

where f * F is a harmonic convolution of f and F. Note that z' = (3/30)(r €%), f'(z) =
(0/00) f (r ). Using the fact

2(f*F)(z)
Z'(f * F)(z)

P’ +pa, (1.3)

Re w>k|w—p|+pa<:>Re<<1+kei9>w—kpei9> > pa, (1.4)

it follows that f € Hr(p, t, a, k) if and only if

Re<(1 +ke®)z(f * F)'(2)
Z(f *F)(z)

- kpei9> >pa, 0<a<l (1.5)

A function f in Hr(p,t,a, k) is called k-uniformly multivalent harmonic starlike
function associated with a fixed multivalent harmonic function F. The set Hr(p,t, a, k) is
a comprehensive family that contains several previously studied subclasses of H(p); for
example, if we let

F(z) =1(z) = <1Z_pz)+<lz_pz> =z + i z”+§;zn, (1.6)

n=p+1

then
Hi(p,a,0) = St (p, ) == {feH(p) :R{%) Zpa}, 17)
(see [1,2]);
Hi(p,1,0,0) =Sy (p,0) = Sy (p), (1.8)
(see [3]);
Hi(1,1,a,0) = S3;(1,) = St (@), (1.9)
(see [4]);

Hi(1,1,0,0) = S, (0) = S}, (1.10)
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(see [5, 6]);

B _ ' (1+ke®)zf'(z) :
Hy(1,1,a,k) = G (k, a) = {f € H() : R{W ke 9> > zx}, (1.11)

(see [7]);

Hi(p,1,a,1) = My (p, a) = {f cH(p): Re((l + eie>% —pei9> > p(x}, (1.12)

(see [8]).
Finally, denote by TH (p) the subclass of functions f(z) = h(z) + g(z) in H(p) where

Rz =2 - Y lalz,  g(z)= Y |balz". (1.13)

n=p+t n=p+t-1

Let Hx(p,t,a, k) :=TH(p) N Hp(p,t,a, k).

In this paper, we investigate coefficient conditions, extreme points, and distortion
bounds for functions in the family Hz(p,t, a, k). We observe that the results so obtained for
this main family can be viewed as extensions and generalizations for various subclasses of
H(p) and H(1).

2. Main Results

Theorem 2.1. Let f = h + g be such that h and g are given by (1.1). Then f € Hr(p,t, a, k) if the
inequality

& n(l+k)-p(k+a) & n(l+k)+p(k+a) 1
nAn ann =5
B [<p<1—a>+1>—|p<1—a>—1|]'“ o’ [(P(l—a)+1>—lp(1—a)-1l]l <3

n=p+t n=p+t-1
(2.1)
is satisfied for some k (k>0), p (p>1), a (0<a<1),andt (t>1).
Proof. In view of (1.5), we need to prove that Re(w) > 0, where
(ke®® +1) |z(h « HY' (z) - z(g * G)'(z)] = p(ke® +a@)[(hx H)(z) + (3 G) (2)] Az)
“r (hx H)(z) + (3% G)(2) B
(2.2)

Using the fact that Re(w) > 0 & |1 + w| > |1 — w], it sufficies to show that

|A(2) + B(2)| - |A(z) - B(2)| 2 0. (2.3)
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Therefore, we obtain

|A(2) + B(2)| - |A(z) - B(z)]|

[ee]

> ([p(1-a) +1] - |p(1 —a) = 1|)|z - Z [n(1+k) - p(k + a) + 1]|a, Anl|z["

n=p+t

- Z [n(1+k) +p(k +a) —1]|b,B,|z|" - Z [n(1+ k) —p(k +a) —1]|a,Anl|z]"

n=p+t-1 n=p+t

=S [+ k) +plk + ) + 1] BBy ll"
n=p+t-1
= ([pA-a) +1] - |p(1 - a) = 1]) |zl

0 0

- > 2[n(1+k) - plk+a)]|anAnllz" = D 2[n(1+k) +p(k +a)][byByl|z|"
n=p+t n=p+t-1
= ([p-a) +1] - [p(1 - a) - 1[)|2I"

& 2[n(1+k)-pk+a)]
X 1- nAn
{ 2w+ 1] fp e 1]

® 2[n(1+k)+p(k+a)]
- b,B,| ¢+ >0.
2w 1]~ [p - 1] '}

(2.4)
By hypothesis, last expression is nonnegative. Thus the proof is complete. O
The coeficient bounds (2.1) is sharp for the function
& 1-a)+1] - |p(l-a)-1
it 2[n(1+k) - p(k +a)]
(2.5)
e [pl-a)+1] - |p(l—a)—1|__n
+ Z nz 7
nopri1 2[n(1+ k) +p(k +a)] B,
where Z;.lo:p+t Xl + Z;z“;pﬁ-t—l Y| = 1.
Corollary 2.2. Forp > (1/1—-a), 0 < a < 1, if the inequality
> [ +k)-pk+a)]lanAsl+ D, [n(1+k)+p(k+a)]|b,B,| <1 (2.6)
n=p+t n=p+t-1

holds, then f € Hp(p,t,a, k) .
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Corollary 2.3. For0<a <land1<p < (1/1 - a), if the inequality

i [n(1+k) —pk+a)]|a,Anl + i [n(1+k) +p(k+a)]|buBu| <p(1-a) (2.7)
n=p+t n=p+t-1

holds, then f € Hp(p,t,a, k).

Theorem 2.4. Let f = h + g be such that h and g are given by (1.13). Also, suppose that k > 0 and
0<a<1 Then

(i) for1<p<(1/1-a), f € Hr (p,t,a k) ifand only if

i [n(1+k) —p(k +a)]|a,An] + i [n(1+k) +p(k +a)]|buBu| <p(1 - a); (2.8)
n=p+t n=p+t-1

(ii) forp(1-a) > 1, f € Hr (p,t, &, k) if and only if

i [n(1+k) —pk+a)]|a,Ad + i [n(1+k) +p(k+a)]|b,B,| < 1. (2.9)
n=p+t n=p+t-1

Proof. According to Corollaries 2.2 and 2.3, we must show that if the condition (2.9) does not
hold, then f ¢ Hz(p, t, a, k), that is, we must have

~p(ke® + a)[(hx H)(2) + (3% G)(2)]

|[(h« H)(2) + (3% G) (2)]

(1+ke™®) [z(h «+H)'(z) - z(g*G)'(z)

Re

(2.10)

Choosing the values of z = r on positive real axis where 0 < z = r < 1, and using Re(—eie) >
—|e®| = -1, the inequality (2.10) reduces to

{ (1+ke®) [pz? = 52, nlanAnlz" = S22,y nlbaBal2"] -2 }
=Re

pl2r - Sz lanAnlzn + 32, S baBal 2"

(2.11)

. { (1+k) [pr” — Z;?:pﬂ‘ nla, Aulr™ — Z:O:rﬁt*l n|ann|r"] -8 }

Pl = il anAnlr™ + 552 i lbaBalr|

~ p(l-a)yr? = 37 i [n(1+k) - p(k +a)]laAn|r" - €
plrP = S planAnlr + 55201 lbuBylr]
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where 2 denotes (k e®+a)p[zP - fo:p” |anAn|z”+Z,°f’=]g+t_1 |buBy|z"], B denotes (k+a)p [rP —
Sipet lanAnlr"+ 357 1 [buBy|r"], and € denotes 3572, 1 [n(1 + k) + p(k + a) ]|y Bn|r".
Letting r — 17, we obtain

p(l—a) - {Z;‘fzpﬂ [n(1+k) = p(k + )] |anAn| + 3520 [n(1+ k) + p(k + )] |ann|} o

1= 32 lanAn + 30y 1 6Byl
(2.12)

If the condition (2.10) does not hold, then the numerator in (2.12) is negative for r sufficiently
close to 1. Hence there exists zg = 1o in (0, 1) for which (2.12) is negative. Therefore, it follows
that f ¢ Hz(p, t, a, k) and so the proof is complete. O

Theorem 2.5. If f € Hz(p, t;a, k), then for |z| = r <1, |Apis| < |An| < |Byl, and Ay #0,

[ (1+ [Bpraa )t

+< p(1-a)
[(p+ )1 +K) = plk+a)] | Apst]

[(p+t-1)(1+k)+p(k+a)] N
e+ +k) = plk+ @] [ Apud] |bp+t-1Bpera| 1P p(l-a) <1

(1+ |bps-a [P

|f(2)] < 1

1
+< [(p+1)(1+k)—pk+a)]|Apu]

[(p+t-1)(1+k) +p(k +a)] N
_ [(p + t)(l + k) _P(k + a)] |Ap+t| |bp+t—1Bp+t_1|>rp ; P(l —a)>1,

-

(1~ [bprea )

_( p(1-a)
[((p+1H)(A+k)—pk+a)]|Apw|

[((p+t-1)(1+k)+p(k+a)] N
_[(ert‘)(l+k)—p(k+¢x)]|Ap+t||bp+t1Bp+t1|>rr7 1 p(l-a)<1

(1= [bpse-a[ )

/()] >

1
_< [((p+t) A+ k) —p(k+a)]|Apu]

[(p+t-1)(1+K) +plk+ )] A,
L [p+ (1 +k)-plk+a)] [A] |bpst1Bpiia| )77 p(1-a) > 1.

(2.13)

These bounds are sharp.
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Proof. Suppose p(1 —a) <1.Let f € Hg(p,t,a, k) and |Ap| < [By,|. In view of (1.13), we get

F@)] = |2 + bt @ = X (lanlz" - balz")

n=p+t
< (1 + |bpara | )rP o + Z (|an| + |ba|)rP
n=p-+t
p(l—a)
[(p+t)(1+k) - p(k+a)] |Ap+t|

& [(p+)(A+k)—plk+a)]|Ap]
x 2
n=p-+t P(l_a)

< (L [Bpiea )P+

(Ian] + [bul)r"*!

p(l-a)
[(p+t)(1+k) - p(k +a)]|Apui]

y &, [n(1+k)—p(k+a)]|Apt] [n(1+ k) +p(k+a)] | Apwe| il
<,§ 0= ] + =) [Bal )7

p(l-a)
[(p+t)(1+k) - p(k +a)]|Aput]

< (1 + |bp+t_1|)1‘p+t_1 +

< (L [bpuaa ) +

& e p(-a)
(2.14)
Using Theorem 2.4(i), we obtain
+t-1 P(l B LX)
|f@)] < @+ [bpara[)r 7 + [T D=0 —pler ][ An]
x <1 - [(pt- 1);2;_]2; plk+ ) |bpst-1Bpst-1 |>r”+1
= (L+ |bpua | )rP! (2.15)

. < p(l-a)
[(p+t)(A+k) —p(k+a)]|Apst]

+t-1)1+k)+pnk+a
— [(p )( ) p( )] | Ibp+t1Bp+t1|>rp+1-
t

[(p+t) A +k)—p(k+a)]|Ap:

The proofs of other cases are similar and so are omitted. O
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Corollary 2.6. If f € Hz(p,t, a, k), then

(, p(l-a)
[((p+t) A+ k) —p(k+a)] | Apse]

~ [(p+t)A+k)—pk+a)-[(p+t-1)(1+k) +p(k +a)]|Bpst-1|] |bpre-1| '
[((p+H)(A+k)—pk+a)]|Apw| ’

p(l-a)<1
>

w : |w(z)] < 3
1

T+ A+ k) - plk+a)][Apw]

_[(p+t)(1+k) —plk+a)-[(p+t-1)(1+k)+p(k +a)]|Bpsi-1|] |bpss- 1|
[((p+t) A+ k) —p(k+a)] | Apst]
L p(l-a)>1

c f(U).

(2.16)

Theorem 2.7. Suppose A,#0 (n=p+t,n=p+t+1,...)and B, #0 (n=p+t-1,n=p+t,...).
Then f € clco Hz(p, t, a, k) if and only if

f(z) = i (Xnhn(z) + Yagu(2)), ze€l, (2.17)
n=p+t-1
where
hp+t—1 (Z) =zF
4 . p(l a) . B )
Tk - pkr )] AL (n=p+tp+t+l,..), p(l-a)<1,

h,(z) = <

1
p_ n = t, t+1,...), 1- >1,
\Z Er —p(k+a)]|An|Z (n=p+t,p+t+ ), p(1—a)

( 1_ _
,, [n<1+k§)(+p<:)+a>]|3n|z"; (n=prt=Lp+t..) pl-a)<1

L (2) = 4
8n(2) p .

z"; —ptt-1p+t,...), pl-a)>1
T mar o et alB . rTprislerte) pi-a)

n=p+t n=p+t-1

Xpir1 =X _1—<ZX+ Z Y), X, >0, Y, >0.

(2.18)

In particular, the extreme points of Hz(p,t, a, k) are {hy,} and {g,} .
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Proof. Suppose p(1 — a) < 1. For functions of the form (2.17), we can write

f(z) =2 - i p( - a) Xnz" + i p - a)

Y,z" (2.19)
[n(1+k) - p(k +a)] Ay [n(1 + k) +p(k +a)]|Byl

n=p+t n=p+t-1

On the other hand, for 0 < X, < 1, we obtain

2 [n(1+k) - p(k+a)]|Al p(1- a)
2. p(1-a) <[n(1 +k) —p(k+zx)]|An|X">

n=p+t
& [n(1+k)+p(k+a)]|B,l p(1-a)
i nz%—l p(l-a) < [n(1+k) + p(k + a)]|By| Y") (2.20)

Thus f € Hz(p,t, a, k), by Theorem 2.4.
Conversely, suppose that f € Hz(p, t, a, k). Then, it follows Theorem 2.4 that

|ay| < p-a) . bl < pi-a) . (2.21)
[n(1+ )~ plk + )] |A,] [n(1+ k) + p(k + )] |B,|
Setting
B [n(1+k) —p(k +a)]|a, Al . [n(1+k) +p(k + a)]|buBa|
"= =) R T , (2.22)
and defining

xp=1-<ixn+ i Y,,>, (2.23)

n=p+t n=p+t-1
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where X, > 0, we obtain

[ee] 0

f@) =2~ 3 ladz"+ 3 [bal(®"

n=p-+t n=p+t-1

N p(l-o)X, n p(1-a)Y, .

z Ep]t [+ k) —pk+a)]|Ad - pzm [+ k) + ple+ D] By )

=zF - Z (2P = hn(2)) X0 — Z (Zp — &n (Z))Yn (2.24)
n=p-+t n=p+t-1

= <1 - < i X, + i Yn>>z” + i h,(z) X, + i Zn(2)Yn

n=p+t n=p+t-1 n=p+t n=p+t-1

= X,z + i X,h,(z) + i Y gu(2).

n=p+t n=p+t-1

Thus f can be expressed as (2.17). The proof for the case p(1 — a) > 1 is similar and hence is
omitted. 0

Theorem 2.8. The class Hz(p, t, a, k) is closed under convex combinations.

Proof. For j =1,2,..., let the functions f; given by

[ee]

fi@) =2 = X la|2"+

n=p+t n=p+t-1

z)" (2.25)

b;,

are in Hx(p, t, a, k). Also suppose the given fixed harmonic functions are given by

Fi(z) =2+ >, |A;lz"+ D, |B,|®@" (2.26)
n=p+t n=p+t-1

For 372, pj =1, 0 < p;j <1 the convex combinations of f; can be expressed as

>z"+ > <Zy]- >(z)". (2.27)
n=p+t-1 \ j=1

b;,

n=p-+t

Suifiz)=2" - > < uila,
= =
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Since
> [ +k)-pk+a)]|a;A; |+ D, [n(1+k)+p(k+a)]|b;,B;,
n=p+t n=p+t-1
(2.28)
p-a) ifp(l-a)>1
|1 if p(l—a)<1,
(2.27) yields
> [+ k) -plk+a)] Dipjla, Ayl + D, [n(1+k)+p(k+a)] > pi|b;,B,
n=p+t j=1 n=p+t-1 j=1
=>uis D [n(l+k) -pk+a)]|a;,A; |+ D, [n(1+k)+p(k+a)]|b,B,
j=1 n=p+t n=p+t-1
e [ee]
p(l-m)>uj=p(l-a) if pl-a)<1
j=1
<3
* if pQl-a)>1.
2pi=1
\ j=1
(2.29)
Thus the coefficient estimate given by Theorem 2.4 holds. Therefore, we obtain
D 1ifi(2) € He(p,t, a, k). (2.30)
j=1
O
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